Abstract. The primary aim of this paper is to answer the question: what are the highest-order five-or nine-point compact finite difference schemes? To answer this question, we present several simple derivations of finite difference schemes for the one-and two-dimensional Poisson equation on uniform, quasi-uniform, and non-uniform face-to-face hyper-rectangular grids and directly prove the existence or non-existence of their highest-order local accuracies. Our derivations are unique in that we do not make any initial assumptions on stencil symmetries or weights. For the one-dimensional problem, the derivation using the three-point stencil on both uniform and non-uniform grids yields a scheme with arbitrarily high-order local accuracy. However, for the two-dimensional problem, the derivation using the corresponding five-point stencil on uniform and quasi-uniform grids yields a scheme with at most second-order local accuracy, and on non-uniform grids yields at most first-order local accuracy. When expanding the five-point stencil to the nine-point stencil, the derivation using the nine-point stencil on uniform grids yields at most sixth-order local accuracy, but on quasi-and non-uniform grids yields at most fourth-and third-order local accuracy, respectively.
1. Introduction. The motivation of this paper is to enquire the question: what are the highest-order five-or nine-point compact finite difference schemes? We will close this question at least for Poisson equation in two dimension: if meshes are uniform the highest possible compact schemes are of second order for five-point stencil, and of sixth order for nine-point stencil. On non-uniform meshes these schemes will lose orders of accuracy.
Consider the multi-dimensional Poisson equation with Dirichlet boundary conditions −∆u(x) = f (x), ∀x ∈ Ω, (1.1a)
u(x) = g(x), ∀x ∈ ∂Ω, (1.1b) where the source term f (x) is known analytically throughout the domain Ω and g(x) is given on the boundary ∂Ω.
If the domain in (1.1) is a hyper-rectangle, numerical approximations using the finite difference method (FDM) employing face-to-face regular and non-regular hyperrectangular grids have been widely available in literature for quite some time [11, 20, 9, 39, 27, 10, 18, 53, 54, 36, 37, 23, 33, 21, 12] . For the one-dimensional problem on a uniform grid, if f (x) = 0, the compact three-point standard central difference scheme (CDS) has at most fourth-order local accuracy. However, if f (x) = 0, the compact three-point standard CDS has at most second-order local accuracy [53, 2] . Also in the case of f (x) = 0, a modified compact three-point CDS was shown to have arbitrarily high-order local accuracy [53] . For the two-dimensional problem on a uniform grid, the compact five-point standard CDS has second-order local accuracy, which was proven to be the highest-order using this stencil [26, 27] . However, on a non-uniform grid, every five-point CDS was proven to have at most first-order local accuracy [2] , even if f (x) = 0. Also for the two-dimensional problem on a uniform grid, the compact nine-point standard CDS has sixth-order local accuracy, which was similarly proven to be the highest-order using this stencil [26, 27, 2] . Furthermore, compact five-and nine-point schemes have been devised for the case in which the domain in (1.1) is irregular [5] , and detailed error analyses have been performed on the class of source and boundary functions [27, 54, 13, 55, 15, 16, 14, 58] . For higher-dimensional problems, compact 19-point and 25-point standard CDS of fourth-order local accuracy were presented for the three-and four-dimensional problem, respectively [4, 45, 50, 56] . Similarly, high-order scheme studies have been performed on related problems such as the Poisson equation with Neumann boundary conditions [6] , Laplace equation [52, 2] , Helmholtz equation [2, 34, 3, 25, 51, 49, 35, 41, 40, 7] , biharmonic equation [26, 27, 46] , convection-diffusion equations [8, 23, 24, 32, 31, 29, 30, 28, 48, 47, 22, 19] with various boundary conditions, and stream function vorticity equations [42, 43, 44, 57] .
In this paper, we present simple derivations using the equation based model that generalize the previous results to all face-to-face hyper-rectangular grids. If considering only one-dimensional problems, a similar generalization can be found in [17] . However, our method also works for multi-dimensional problems and with other faceto-face partitions having uniformly, quasi-uniformly, or non-uniformly spacings. In application usually partitions with sufficiently structured grids are well suited for FDM discretizations though. While uniform spacings are computationally advantageous and should be used when physical problems being modeled have isotropic properties, quasi-uniform or non-uniform spacings may be preferred for problems with anisotropic properties or when the domain dimensions are not small integer multiples of each other. Moreover, quasi-uniform and non-uniform spacings are necessary to perform adaptive mesh refinements more commonly associated with FEM and FVM discretizations, e.g., when the domain is a canonical volume with an orthant removed.
Our derivation is an extention of the Hermitian method in that we take progressively higher-order terms of the Taylor polynomial approximation of a weighted-sum of stencil points and cancel them with higher-order partial differential terms of the primary stencil point [10, 1] . Our method is novel in that we obtain the higher-order partial differential terms through an injective (one-to-one) partial differential operator acting on the source term f (x) in (1.1), which subsequently spans the set of all possible linear combinations of source terms. For one and two stencil dimensions we systematically determine the weights of the stencil points and coefficients in our partial differential operator that yield the highest-order compact scheme. We thus have completely categorized the field of compact schemes in one and two dimensions.
In Section 2, we review and introduce multi-dimensional notations we use throughout this paper. Then we review the compact three-point standard and modified CDS for the one-dimensional Poisson problem on uniform grids.
In Section 3, we generalize the one-dimensional Poisson problem and present our simple derivation method using a three-point stencil with variable stencil symmetry and weights. We conclude by showing that our method yields a scheme with arbitrarily high-order local accuracy and generalizes the compact three-point standard and modified CDS. Our schemes work on uniform, quasi-uniform, and non-uniform grids as opposed to other schemes that hold on only uniform grids.
In Section 4, we turn our focus to the two-dimensional Poisson problem. In Subsection 4.1, we demonstrate our derivation method using a five-point stencil and prove that on uniform and quasi-uniform grids there exist at most second-order local accurate schemes, and that on non-uniform grids there exist at most first-order local accurate schemes. Furthermore, we show that our method yields a scheme that generalizes the compact five-point CDS. In Subsection 4.2, the results are extended to nine-point stencils: on uniform grids there exist at most sixth-order local accurate schemes, but on quasi-and non-uniform grids there exist at most fourth-and thirdorder local accurate schemes, respectively. Furthermore, we show that our method yields a scheme that generalizes the compact nine-point CDS.
2. Preliminaries. We begin by presenting the array and multi-index notation we use throughout this paper. Arrays, vectors, and matrices are denoted with boldface characters and their scalar elements are denoted with italic characters.
Next define the multi-dimensional partial differential operator
where c m,α ∈ R for all m and α. Now we define the nth-degree (n ∈ N 0 ) multi-dimensional Taylor polynomial operator centered about x,
with the remainder operator R n,x u (x + h) centered about x is given by Cauchy's integral formula
and
where B is a sufficiently small ball centered about x. Finally, we express u (x + h) in terms of u(x) using (2.1) and (2.2) as follows:
Now consider the one-dimensional Poisson equation with Dirichlet boundary conditions:
where the source term f (x) is known analytically throughout the domain (a, b) and g (x) is given on the boundary {a, b}.
in the left-hand side of (2.5) may be approximated for sufficiently small non-zero h by using the approximation of the derivative:
The compact three-point standard CDS is obtained by substituting (2.6) into (2.5) and moving f (x) to the left-hand side
or equivalently in terms of
by multiplying (2.7) by h 2 as follows:
Observe that a numerical approximation U (x) of u(x) satisfies
The scheme (2.11) is convergent with second-order local accuracy if
. In this paper we adopt the following decomposition by using Taylor's theorem in order to analyze convergence: 12) where the right side contains only even-order terms in h and d dx . Specifically, the first and second terms in the summation are −2u (x) and −h 2 d 2 dx 2 u (x), respectively. Now add 2u (x) and P 0 d dx ×(2.5) to both sides of (2.12) to get
Truncating the right-hand side (2.13) at n = 2 gives us the compact three-point standard CDS with second-order local accuracy as presented in [53, 2] .
One may obtain the compact three-point modified CDS in terms of (2.8) and
Similarly, the scheme (2.15) is convergent with arbitrarily high-order local accuracy if for all n ≥ 2,
, which we will show using Taylor's theorem. Now add 2u (x) and P n−2 d dx ×(2.5) to both sides of (2.12). Invoking (2.13), one obtains
Truncating the right-hand side for any n ≥ 2, one obtains the compact three-point modified CDS with arbitrarily high-order local accuracy as presented in [53] .
We are now going to reformulate the above procedure in a more abstract form, which results in a wide class of arbitrarily high-order three-point schemes that include nonsymmetric schemes.
3. One-Dimensional Problem: Three-Point Stencil. Let w j ∈ R and h j ∈ R 1 for all j. h 0 = 0, and h j = h k for all j = k (i.e., distinct stencils.) Define the one-dimensional finite difference stencils S 0 u (x) = w 0 u (x + h 0 ) and (3.1a)
For example, if we take the three-point compact CDS in [53, 2] then for some mesh size h ∈ R + , h 1 = h and h 2 = −h. Next define the one-dimensional differential operator
where c m ∈ R for all m.
One-dimensional arbitrary-order (compact) three-point stencils: For some mesh size h ∈ R + , the stencil depicts h 1 = −h 2 = h with their corresponding weights.
t . Then, consider the three-
of the particular form h 0 = 0 and
Furthermore, without loss of generality, let h 2 < 0 < h 1 . Theorem 3.1. Assume that f (x) is sufficiently smooth throughout Ω and g (x) is given on ∂Ω in the Poisson problem with Dirichlet boundary conditions. Consider the three-point finite difference scheme:
Then there exists a finite difference scheme with arbitrarily high-order local accuracy. Proof. Let n ≥ 2 be given and recall (3.2). Consider
Thus, we see that w j = 0, (3.5a)
Observe that once w j , j = 0, 1, 2, and h j , j = 1, 2, are chosen to satisfy (3.5a) and (3.5b), c m (m = 0, . . . , n − 2) can be chosen in terms of w j 's and h j 's to fulfill (3.5c). Thus, the scheme (3.3) is consistent only if at least one nontrivial solution exists to the linear system:
Notice that, up to the factor γ, the solution is uniquely given by
for any nonzero real constant γ. With the parameters given in (3.7) the finite difference scheme (3.3) is of (n − 1)st-order local accuracy. Remark 3.0.1. Furthermore, suppose that h 1 = −h 2 and n is even. Then, from (3.7) it follows that w 1 = w 2 , which in turn implies that
, with c n−1 = 0, which yields that the scheme (3.3) is of nth order.
Remark 3.0.2. Additionally, if we set h 1 = −h 2 = h ∈ R + , then our results reproduce the second-order CDS and the arbitrarily high-order modified CDS presented in [53] , see Fig. 3 .1. However, our proof yields more general results that include uniform and non-uniform spacings.
4. Two-Dimensional Problem. Let w j ∈ R and h j ∈ R 2 for all j, h 0 = 0, and h j = h k for all j = k (i.e., distinct stencil vectors.)
Define the two-dimensional finite difference stencils by
w j u (x + h j ) , and (4.1b)
For example, if we take the five-and nine-point compact CDS in [26, 27] and [2] , respectively, then for some mesh size
Similarly to the one-dimensional case, define the two-dimensional partial differential operator as follows:
where c m,j ∈ R for all m and j.
For notational convenience we define the dual-diagonal matrix
where m = n and δ j,k is the Kronecker delta. 
Furthermore, without loss of generality, let h 2 < 0 < h 1 and h 4 < 0 < h 3 . Definition 4.1. We call the mesh is symmetric with respect to h 0 if 4) and the weights are symmetric with respect to h 0 if w 1 = w 2 , w 3 = w 4 , w 5 = w 6 , and
We then have the following result. Theorem 4.2. Assume that f (x) is sufficiently smooth throughout Ω and g(x) is given on ∂Ω in the Poisson problem with Dirichlet boundary conditions. Consider the five-point finite difference scheme: Then the following formulae hold: 
3. Case (iii) m = 4 + 2 :
Proof. 
Multiplying by L −1 both sides of (4.7), one immediately has (4.8) and (4.9). Also, (4.10) follows by a simple calculation. This completes the proof. Now, we can prove Theorem 4.2.
Proof. [Proof of Theorem 4.2] Let n ≥ 2 be given and recall (4.2). We follow the argument in the proof of Theorem 3.1. As before, consider Thus, we see that w j = 0, (4.12a) . Thus, (4.12) is equivalent to
Notice that the solution is uniquely given up to a generic multiplicative factor γ by
With the parameters given in (4.14) the finite difference scheme (4.6) is of first-order local accuracy. Let us look at the general situation of the case of n = 3, in which Cases (iii) and (i) of Lemma 4.3 are applied with m = 2 and m = 3, respectively, which are already considered above. Thus, we see that (4.12) is equivalent to 
Therefore, in order to have a nontrivial solution in (4.15), it requires that 17) and this is essential for the scheme (4.6) to be of second-order local accuracy. Thus, assume that (4.17). Then, (4.14) reduces to We thus see that (4.12) is equivalent to an augmented system (4.15) with the additional equation as follows: 
It is evident that there is no nontrivial solution that satisfies both (4.14) and (4.20) .
Hence there does not exist a third-order local accurate scheme of the form (4.6). This completes the proof of Part (b) in the theorem. If n is even, we have that the differential operator P n−2 (∂) in (4.21) can be replaced by P n−2 (∂) + n−1 j=0 c n−1,j ∂ n−1−j x ∂ j y due to Lemma 4.3, which is nothing but P n−1 (∂) which yields that the local accuracy of the scheme (4.6) is upgraded by one order, as long as the scheme is consistent.
For example, with n = 2 is Case (i) in Lemma 4.3, and from this we get c 1,0 = c 1,1 = 0. This provides that the differential operator P 0 (∂) in (4.6) can be replaced by P 0 (∂) + c 1,0 ∂ x + c 0,1 ∂ y with c 1,0 = c 0,1 = 0, which yields that the scheme (4.6) is of second-order local accuracy.
Remark 4.0.4. Additionally, if we set h 1 = h 3 = h ∈ R + , then our results reproduce the second-order CDS in [27] . However, our proof yields more general results that include uniform, quasi-uniform, and non-uniform spacings that can be used for various mesh refinements, see 
Furthermore, without loss of generality, let h 2 < 0 < h 1 and h 4 < 0 < h 3 .
We then have the following result, similarly to Theorem 4.2.
Theorem 4.4. Assume that f (x) is sufficiently smooth throughout Ω and g(x) is given on ∂Ω in the Poisson problem with Dirichlet boundary conditions. Consider the nine-point finite difference scheme: Proof. The idea of this proof is similar to that of Theorem 4.2. Let n ≥ 2 be given and recall (4.2). Consider Thus, we see that
which is of O(h n+1 ) due to (2.2) if and only if 
Consider the case of n = 4. Applying (4.9) in Lemma 4.3 to (4.22) in the cases of m = 2, . . . , 4 leads to the following 9 × 9 matrix system:
where A 9×5 and B 9×1 (j, k) are 9 × 5 and 9 × 1 matrices, respectively, given by
One can use symbolic algebra to solve (4.25) as given in [38] . The 9 × 9 matrix in the LHS of (4.25) is of rank 8 and the unique nontrivial solutions up to generic multiplicative factor γ are given by
With the parameters given in (4.26) the finite difference scheme (4.21) is of third-order local accuracy.
We continue to investigate fourth-or higher-order schemes. In the case of n = 5, apply (4.9) in Lemma 4.3 to (4.22) in the cases of m = 2, . . . , 5. Invoking (4.23), we see that (4.24) leads to the following 11 × 9 matrix system:
where A 11×5 and B 11×1 (j, k) are 11 × 5 and 11 × 1 matrices, respectively, given by
To find a condition for the existence of nontrivial w in (4.27), we plug (4.26) in (4.27) to have
where
The RHS of (4.28) leads to the necessary condition for the existence of a nontrivial solution in (4.27) as follows: 
This proves a portion of Part (b) of the theorem. Continue to check the existence of fifth-or higher-order schemes. In the case of n = 6, apply (4.9) in Lemma 4.3 to (4.22) in the cases of m = 2, . . . , 6. Invoking (4.23) and using (4.24) leads to the following 13 × 9 matrix system:
where A 13×5 and B 13×1 (j, k) are 13 × 5 and 13 × 1 matrices, respectively, given by
To find a condition for the existence of nontrivial w in (4.31), we substitute the w of (4.26) in (4.31) and impose (4.29) to get
(4.32)
Then, in order to have a nontrivial solution in (4.31), the RHS of (4.32) should vanish. Combined with (4.29) , this requires that 33) and this is essential for the scheme (4.21) to be of fifth-order local accuracy. We now move to the possibility of next higher-order scheme. In the case of n = 7, apply (4.9) in Lemma 4.3 to (4.22) in the cases of m = 2, . . . , 7. Invoking (4.23), and using (4.24) leads to the following 15 × 9 matrix system:
where A 15×5 and B 15×1 (j, k) are 15 × 5 and 15 × 1 matrices, respectively, given by
To find a condition for the existence of nontrivial w in (4.34), we substitute the w of This proves Part (b) and a portion of Part (c) of the theorem. This nine point scheme is known as "Mehrstellenverfahren" according to [9, 10] . In the case of n = 8, apply (4.9) in Lemma 4.3 to (4.22) in the caces of m = 2, . . . , 8. Invoking (4.23), and using (4.24) leads to the following 17 × 9 matrix system:
where A 17×5 and B 17×1 (j, k) are 17 × 5 and 17 × 1 matrices, respectively, given by
It is evident that there is no nontrivial solution that satisfies both (4.26) and (4.36).
Hence there does not exist a seventh-order scheme of the form (4.6). This completes the proof of Part (c) in the theorem. 
These coefficients lead to a fourth-order nine-point scheme in the following form:
with weights given in (4.30). We remark that the scheme (4.37) with general h 1 and h 3 is identical to those given by van de Vooren and Vliegenthart [52] in case f (x) = 0, and by Birkhoff and Gulati [2] in case f (x) = 0.
• Case 2: a uniform square mesh with |h j | = h, j = 1, · · · , 4. These coefficients lead to a sixth-order nine-point scheme in the following form:
with weights given in (4.35) . Notice that this stencil is identical to that of the well-known standard nine-point scheme (see (A.12) in [21] , for instance). Remark 4.0.5. Observe that if the mesh is symmetric with respect to h 0 , the solutions (4.26) of (4.25), if they exist, are reduced in the form of (4.30), which implies that the only nontrivial solutions exist under the weight symmetry property with respect to h 0 . Hence, under the mesh symmetry assumption in the sense of (4.4), if n is even, we have that the differential operator P n−2 (∂) in (4.21) can be replaced by P n−2 (∂) + n−1 j=0 c n−1,j ∂ n−1−j x ∂ j y due to the formula (4.23), which is nothing but P n−1 (∂) which yields that the local accuracy of the scheme (4.21) is upgraded by one order, as long as the scheme is consistent.
For example in the case of n = 4, if the mesh is symmetric with respect to h 0 it follows from the formula (4.28) that the scheme is consistent with n = 5. A similar result holds in the case of n = 6 using the formula (4.34), instead with n = 7.
Thus, the nine-point schemes (4.21) for n = 4 and n = 6 are of local accuracy of order 4 and 6, respectively, if the mesh is symmetric with respect to h 0 .
Remark 4.0.6. Additionally, if we set h 1 = h 3 = h ∈ R + , then our results reproduce the sixth-order CDS in [27] . However, our proof yields more general results that include uniform, quasi-uniform, and non-uniform spacings that can be used for various mesh refinements, see Fig. 4 .2.
Conclusions.
We demonstrated that high-order FDM schemes can be simply and systematically derived for the one-and two-dimensional Poisson equation with Dirichlet boundary conditions. We definitively proved that while the onedimensional compact three-point scheme is of arbitrarily high-order local accuracy, the two-dimensional compact five-and nine-point schemes are of at most second-and sixth-order local accuracy, respectively.
The advantages of our scheme is that, whenever one wishes to investigate in higher-possible compact schemes for other problems, including Helmholtz, biharmonic, and elasticity problems, our approach or its modification will give a complete answer.
The numerical results themselves are evident as long as mathematical proofs are provided. Indeed, we are preparing a separate paper to perform numerical experiments in the GP-GPU and many-cores environment to see the parallel performance. Papers detailing our method applied to the Helmholtz problem and Neumann boundary conditions are forthcoming.
